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Abstract
Using spectral function of photon we find the reliable results for the effects of vacuum polarization
for the dressed fermion propagator in three-dimensional QED.
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I. INTRODUCTION
In the previous work we studied the mass singularity of the fermion propagator in QED3
in the presence of massless photon in quenched approximation[7].We applied the method of
spectral function with low-energy theorem which is known to reproduces the Bloch-Nordsieck
approximation and renormalization group analysis near the mass shell in four-dimensional
model[5,6,12].In the present work we study the effect of vacuum polarization of massless
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fermion on the photon propagator in the same approximation.Using the spectral function of
photon we get the non-perturbative effects by integrating the quenched case with bare photon
mass.However high energy behaviour of the fermion propagator does not change and we get
Z−12 = 0 for arbitrary coupling.At sufficently large coupling short distance singularities
disappear.In this case the vacuum expectation value
〈
ψψ
〉
becomes finite.In Section II we
rewiew the vacuum polarization of the massive fermion loop and show the structure of the
photon propagator.In section III spectral function of the fermion propagator are defined
and we show the way to determine it based on LSZ reduction formula and low-energy
theorem.In section IV we evaluate the spectral function for quenched case with photon mass
as an infrarfed cut-off and improve it by the photon spectral function including vacuum
polarization.In Section V is devoted to analysis in momentum space of these solutions.In
section VI we consider the origins of confinement in the modification of Coulomb potential
by LSZ.
II. VACUUM POLARIZATION
Assuming parity invariance,we take 4-component fermion representation[6,8,9,10].The
one-loop self-energy for photon with dimesional regularization is given
Πµν(k) ≡ ie2
∫
d
3
ptr(γµ
1
γ · p−mγν
1
γ · (p− k)−m)
= −e2Tµν
8π
[(
√
k2 +
4m2√
k2
) ln(
2m+
√
k2
2m−
√
k2
)− 4m],
Tµν = −(gµν − kµkν
k2
), d
3
p =
d3p
(2π)3
. (1)
Usual polarization function P (k) is expanded in terms of m(1/m)
P (k) = − e
2
8π
[(
√
−k2 + 4m
2
√−k2 ) ln(
2m+
√−k2
2m−√−k2 )− 4m],
= +
e2
8
√
−k2 − 4 m
2
√−k2 +
64m3
3π(−k2) −
512m5
15π(−k2)2 +O(m
6))(k2 < 0),
= +
e2
6πm
(−k2)− e
2
60πm3
(−k2)2 +O(k5). (2)
If the mass m is heavy expansion in terms of the inverse powers of m is a weak coupling
expansion and massless limit corresponds to a strong coupling limit.Here we see that the
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massless limit is a correct high-energy behaviour of the vacuum polarization function P.The
full propagator is
DF (k) = − Tµν
k2 − P (k) − d
kµkν
k4
. (3)
To see the screening effects easily,first we set m = 0 to neglect the threshold effects.It is
equivalent to study the high-energy behaviour in momentum space.Hereafter we use the full
photon propagator with N fermion flavours
DF (k) = − Tµν
k2 + e2N/8
√
k2
+ g.f. (4)
and do not discuss the analyticity in Minkowski space.
III. CALCULATING THE SPECTRALY WEIGHTED PROPAGATOR
A. Definition of the spectral function
In this section we show how to evalute the fermion propagator non pertubatively by the
spectral represntation[5,7].The spectral function of the fermion is defined
SF (s
′) = P
∫
ds
γ · pρ1(s) + ρ2(s)
s′ − s + iπ(γ · pρ1(s
′) + ρ2(s
′)),
ρ(p) =
1
π
ImSF (p) = γ · pρ1(p) + ρ2(p) (5)
= (2π)2
∑
n
δ(p− pn) 〈0|ψ(x)|n〉
〈
n|ψ(0)|0〉 . (6)
In the quenched approximation the state |n > stands for a fermion and arbitrary numbers
of photons,
|n >= |r; k1, ..., kn >, r2 = m2, (7)
we have the solution which is written symbolically
ρ(p) =
∫
md2r
r0
∞∑
n=0
1
n!
(∫
d3kθ(k0)δ(k2)
∑
ǫ
)
n
δ(p− r −
n∑
i=1
ki)
× 〈Ω|ψ(x)|r; k1, ..., kn〉
〈
r; k1, ..., kn|ψ(0)|Ω
〉
. (8)
Here the notations
(f(k))0 = 1, (f(k))n =
n∏
i=1
f(ki)
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have been introduced to show the phase space of each photons.We consider the matrix
element
Tn = 〈Ω|ψ|r; k1, ...., kn〉 (9)
for k2n 6= 0 by LSZ reduction formula:
Tn = ǫ
µ
nTnµ,
ǫµnT
µ
n =
i√
Z3
∫
d3y exp(ikn · y)y 〈Ω|Tψ(x)ǫµAµ(y)|r; k1, ..., kn−1〉
= − i√
Z3
∫
d3y exp(ikn · y) 〈Ω|Tψ(x)ǫµjµ(y)|r; k1, ..., kn−1〉 , (10)
provided
xT (ψAµ(x) = TψxAµ(x) = Tψ(−jµ(x) + d− 1
d
∂xµ(∂ ·A(x)), (11)
∂ · A(+)|phys >= 0, (12)
where d is a gauge fixing parameter.Tn satisfies Ward-Takahashi-identity
knµT
n
µ (r; k1, ..., kn) = e exp(ikn · x) 〈Ω|ψ(x)|r; k1, ...., kn−1〉 , (13)
provided
∂yµT (ψ(x)Jµ(y)) = −eψ(x)δ(x − y). (14)
Neglecting position dependence which is given by
ψ(x) = exp(−ip · x)ψ(0) exp(ip · x), (15)
we get the usual form
knµT
n
µ (r; k1, ...kn−1), r
2 = m2, (16)
which implies low-energy theorems.By the low-energy theorem the fermion pole term for the
external line is dominant for the infrared singularity for fermion.Let us consider the matrix
element Tn−1(r; k1, ...kn−1) in which there is no photon line with external fermion.We attach
Tn−1 with one photon line with external fermion.The matrix element Tn is written as
T (pole)n (r; k1, ....kn) = Tn−1(r + kn; k1, ...kn−1)T1(r; kn), (17)
here we assume Tn−1(r + kn; k1, ...kn−1) is regular at k
2
n = 0.Of course only T
(pole) does not
satisfy Ward-Takahashi-identity.In ref [5],the method to determine the matrix element Tn
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was discussed in the following way up to knµ terms which vanishes in the limit k
µ
n = 0,
T µn = T
µ(pole)
n + T
µ′
n +R
µ
n, (18)
knµT
µ′
n = eTn−1 − knµT µ(pole)n , (19)
knµR
µ
n = 0. (20)
The result for T
µ(pole)
n is
T µ(pole)n = T1(r + kn; kn)Λn−1(r + kn; k1, ..., kn−1). (21)
Here,Λn−1(r; k1, ..., kn−1) does not contain any one-fermion line with momentum r + kn(off-
shell) and coincides with Tn−1(r; k1, .., kn−1) continued off the r
2 mass shell(by an LSZ for-
mula for example):
Tn−1(r; k1, ..., kn−1) = Λn−1(r; k1, ..., kn−1)|r2=m2 . (22)
For n = 1 case we have
kµT1(r + k; k) = kµ
eγµ
γ · (r + k)−mU(r) = e 〈Ω|ψ|r〉 = eU(r). (23)
From (17),(19),(23) we see that T µ
′
n is sufficent to satisfy
knµT
µ′
n (r; k1, ..kn) = e[Tn−1(r; k1, ..., kn−1)− Λn−1(r + kn; k1, .., kn−1)]
= −ekµn
∂
∂kµn
[Λn−1(r + kn; k1, .., kn−1)]kn=k∗n, (24)
where k∗ is a intermediate point for k.From the above it is sufficent to take
T µ
′
n = −e
∂
∂knµ
Λn−1(r + kn; k1, .., kn−1)|kn=k∗n = −e
∂
∂r′µ
Λn−1(r
′; k1, .., kn−1)|r′=r+kn∗ . (25)
T µ(pole)n + T
µ′
n =
eγµ
γ · (r + kn)−mTn−1 + e(
γµkνn
γ · (r + kn)−m − g
µν)
∂
∂r′ν
Λn−1|r′=r+k∗,r′2=m2+ǫ.
(26)
The second term is transverse in kµn and should be regular at k
µ
n = 0.It is understood as the
non leading term and derived by gauge invariance.
B. Approximation to the spectral function
If there are massless particle as photons,there exists infrared divergences near the fermion
mass-shell.In theses cases we cannot separate the one particle state and one particle with
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multiphoton intermediate states,we must sum all intermediate states with infinite numbers
of photons.The spectral representation of the propagator in position space is given.
SF (x) =
∫
d
3
p exp(p · x)
∫
dsρ(s)
p2 + s
. (27)
First we derive the second-order spectral function and the propagator SF (p)
ρ(x) = −e2
∫
md2r
(2π)2r0
exp(ir · x)
∫
d
3
kθ(k0)δ(k2) exp(ik · x)
∑
λ,s
T1T 1, (28)
where one-photon matrix element T1 which is given in ref[7,10]
T1 = 〈Ω|ψ(x)|r; k〉 =
〈
in|T (ψin(x), ie
∫
d3yψin(y)γµψin(y)A
µ
in(y)|r; k in
〉
= ie
∫
d3yd3zSF (x− z)γµδ(3)(y − z) exp(i(k · y + r · z))ǫµ(k, λ)U(r, s)
= −ie 1
(r + k) · γ −m+ iǫγµǫ
µ(k, λ) exp(i(r + k) · x)U(r, s). (29)
∑
λ,s
T1T 1 =
(r + k) · γ +m
(r + k)2 −m2 γ
µ (γ · r +m)
2m
(r + k) · γ +m
(r + k)2 −m2 γ
νΠµν ,
r2 = m2, k2 = 0 (30)
and δ(k2) is a bare photon spectral function.Here Πµν is the polarization sum
Πµν =
∑
λ
ǫµ(k, λ)ǫν(k, λ) = −gµν − (d− 1)kµkν
k2
. (31)
In this case it is easy to find the explicit form of ρ
ρ(2)(p) =
∫
d3x exp(−ip · x)ρ(x), (32)
ρ(2)(p) = −e2
∫
d2r
(2π)2r0
∫
d2k
(2π)22k0
δ(3)(p− k − r)
× 1
2
(γ · r +m)[[ m
2
(r · k)2 +
1
r · k ] +
d− 1
k2
]. (33)
At d = 1 gauge,ρ is evaluated in the center of mass system
(2π)2ρ(2)(p) =
πe2
2
√
p2
∑
λ,s
T1T 1θ(p
2 −m2)
=
πe2
2
√
p2
(γ · p+m)[ 4m
2
(p2 −m2)2 +
2
p2 −m2 ]θ(p
2 −m2). (34)
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In this order we have the propagator in specrtral form
S(2)(p) =
∫ ∞
m2
ds
ρ(2)(s)
p2 − s+ iǫ
=
e2
4π
∫ ∞
m2
ds
(γ · p+m)
p2 − s+ iǫ
1
s
[
4m2
(s−m2)2 +
2
s−m2 ]. (35)
From the above equation we see that S(2) has infrared divergences near p2 = m2.If we
sum infinite number of photons in the final state as in (8),by LSZ reduction formula the
method to determine the multi-photon matrix element is given in (26).In the lowest order
approximation simplest solution to the spectral function is given by exponentiation of one
photon matrix element T1T1:
〈Ω|ψ(x)|r; k1, ..., kn〉
〈
r; k1, ..kn, ψ(0)|Ω
〉→ n∏
j=1
T1(kj)T 1(kj), (36)
ρ(x) =
∫
md2r
(2π)2r0
exp(ir · x) exp(F ),
F =
∑
one photon
〈Ω|ψ(x)|r; k〉 〈r; k|ψ(0)|Ω〉
=
∫
d3kδ(k2)θ(k0) exp(ik · x)
∑
λ,s
T1T1. (37)
This approximation leads to an infinite sum of ladder graphs with fixed mass.And its imag-
inary part is simple to evaluate by the above formula.After integration,we set r2 = m2
SF (x) =
∫
d
3
p exp(p · x)(iγ · ∂ +m)exp(−m |x|)
2× 4π |x|
× exp(−e2
∫
d
3
k exp(ik · x)θ(k0)δ(k2)[ m
2
(r · k)2 +
1
(r · k) +
d− 1
k2
]). (38)
This formula shows that the infrared divergences of photons give the radiative correc-
tion to the free position space propagator exp(−m |x|)/ |x|.The radiative correction for the
fermion propagator may be seen as the modification of the short distance behaviour or
mass.Therefore we expand F
S(x) =
exp(−m |x|)
4π |x| exp(F (m, x)) (39)
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in the power series of x and study the correction of mass.The results are shown in the
previous work.Next we use the full propagator for photon in the same way
DF (x) =
∫ ∫
d
3
k exp(ik · x) ρ(s)ds
k2 − s+ iǫ
=
∫
ds
∫
d
3
k exp(ik · x)[P ρ(s)
k2 − s − iπρ(s)δ(k
2 − s)]
=
∫
d
3
k exp(ik · x)[ReDF (k) + i ImDF (k)]. (40)
Spectral functions for free and dressed photon are given by [6,11]
ρ(0)(k) = δ(k2 − µ2),
ρD(k) =
1
π
ImDF (k) =
c
√
k2
k2(k2 + c2)
. (41)
One photon matrix element reads
2F = −e2
∫
d
3
k exp(ik · x)[i ImDF (k)[ m
2
(r · k)2 +
1
(r · k) −
1
k2
] +
d
k4
]. (42)
First we perform the direct fourier transform of the propagator
iDF (x) =
∫
d
3
k exp(ik · x) 1
k2 + c
√
k2
=
1
2π2 |x|
∫ ∞
0
dk
sin(
√
k2 |x|)√
k2 + c
, c =
e2N
8
. (43)
On the other hand the spectral representation for photon is
iDF (x) =
1
π
∫
d
3
k exp(ik · x)
∫ ∞
0
dp2
ρ(p)
k2 + p2
=
∫ ∞
0
dp2
exp(−
√
p2 |x|)
4π |x| ρ(p
2). (44)
Both ways lead the same answer;
iDF (x) =
1
4π2 |x| [π cos(c |x|)− 2 Si(c |x|) cos(c |x|) + 2Ci(c |x|) sin(c |x|)]. (45)
These modification leads to the change of the static potential
VB(x) =
∫
d
2
k exp(ik · x) 1
k2 + µ2
= K0(µ |x|), (46)
VR(x) =
∫
d
2
k exp(ik · x) 1
k2 + ck
=
H0(c |x|)− Y0(c |x|)
8
, (47)
H0(a) =
2
π
∫ 1
0
sin(ax)√
1− x2dx, Y0(a) = −
2
π
∫ ∞
1
cos(ax)√
x2 − 1dx. (48)
VR(x) has not zero on the |x| axis and decrease as 1/c |x|.On the other hand VB(x) has zero
and change its sign.
109
IV. APPROXIMATE SOLUTION IN POSITION SPACE
A. quenched case
To evaluate the the function F ,it is helpful to use the following parameter integral with
exponential cut-off(infrared cut-off)[5,7,12].Following the parameter tric
1
k · r = i limǫ→0
∫ ∞
0
dα exp(iα(k + iǫ) · r),
1
(k · r)2 = − limǫ→0
∫ ∞
0
αdα exp(iα(k + iǫ) · r), (49)
we obtain the formulea
F1 =
∫
d
3
k exp(ik · x)DF (k) 1
(k · r)2 = − limµ→0
∫ ∞
0
αdαDF (x+ αr) exp(−µαr). (50)
F2 =
∫
d
3
k exp(ik · x)DF (k) 1
k · r = i limµ→0
∫ ∞
0
dαDF (x+ αr) exp(−µαr). (51)
Soft photon divergence corresponds to the large α region and µ is an infrared cut-off.For the
kµkν part there remains an infrared divergence 1/k
2 which is independent of the 1/(r · k) in
the same gauge in (42).It is simple to evaluate this term FL by definition
FL = −ie2
∫
d
3
k exp(ik · x)DF (k) 1
k2
, (52)
1
4π2
∫ ∞
0
d
√
k2
sin(
√
k2 |x|)√
k2 |x| (k2 + µ2) =
1− exp(−µ |x|)
8πµ2 |x| . (53)
We have
F = ie2m2
∫ ∞
0
αdαDF (x+αr)−e2
∫ ∞
0
dαDF (x+αr)+ie
2
∫
d
3
k exp(ik ·x)DF (k) 1
k2
. (54)
Here we notice that the over all sign is changed by replacing the imaginary part to real part
of the photon propagator.In quenced case the above formulea for the evaluation of three
terms in F provided the position space propagator with bare mass
D
(0)
F (x)+ =
exp(−µ |x|)
8πi |x| . (55)
F = − e
2
8π
(
exp(−µ |x|)
µ
− |x|Ei(µ |x|))− e
2
8πm
Ei(µ |x|) + (d− 1) e
2
8πµ2 |x|(1− exp(−µ |x|)),
(56)
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where
Ei(z) =
∫ ∞
1
exp(−zt)
t
dt. (57)
For the leading order in µ we obtain
F1 =
e2
8π
(−1
µ
+ |x| (1− ln(µ |x| − γ)) +O(µ), (58)
F2 =
e2
8πm
(ln(µ |x|) + γ) +O(µ), (59)
Fg =
e2
8π
(
1
µ
− |x|
2
)(d− 1) +O(µ). (60)
F =
e2(d− 2)
8πµ
+
γe2
8πm
+
e2
8πm
ln(µ |x|)− e
2
8π
|x| ln(µ |x|)− e
2
16π
|x| (d− 3 + 2γ), (61)
where γ is an Euler constant.In this case linear infrared divergence may cancells by higher
order correction or away from threshold,at present we omitt them here with constant
term[6,13].Linear term in |x| is understood as the finite mass shift from the form of the
propagator in position space and |x| ln(µ |x|) term is position dependent mass
m =
∣∣∣∣m0 + e216π (d− 3 + 2γ)
∣∣∣∣ ,
m(x) = m+
e2
8π
ln(µ |x|), (62)
which we will discuss in section VI.The position space propagator is written as free one
multiplied by quantum correction as
exp(−m |x|)
4π |x| exp(F ) =
exp(−m |x|)
4π |x| (µ |x|)
D−C|x|,
D =
e2
8πm
,C =
e2
8π
. (63)
From the above form we see that D acts to change the power of |x| and plays the role of
anomalous dimension of the propagator[7].If D ≥ 1 there is no short distance singularities
as spike.
B. unquenched case
Here we apply the spectral function of photon to evaluate the unquenched fermion proaga-
tor.We simply integrate the function F (x, µ) for quenched case which is given in (61),where
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µ is a photon mass.Spectral function of photon is given in (41) in the Landau gauge
ρ(µ) =
c
µ(µ2 + c2)
,
Z−13 =
∫ ∞
0
ρ(µ)µdµ =
π
2
. (64)
An improved F is written as dispersion integral
F˜ = Z3
∫ ∞
0
F (µ)ρ(µ)µdµ
=
e2
8c
(−2) ln(µ
c
) +
γe2
8πm
+
e2
8πm
ln(c |x|)
− e
2
8π
|x| ln(c |x|)− e
2
16π
|x| (3− 2γ). (65)
In this way the linear infrared divergences turn out to be a logarithmic divergence in the first
term.This is the improvement by spectral function.The fermion spectral function in position
space becomes
ρ(x) =
exp(−m |x|)
4π |x| exp(F˜ )
=
exp(−(m+B) |x|)
4π |x| (c |x|)
D−C|x|(
µ
c
)β exp(
γe2
8πm
), (66)
by N flavours
B =
c
2Nπ
(3− 2γ), β = −2
N
,C =
c
Nπ
,D =
c
Nπm
. (67)
In this way we get a position space propagator which shows mass generation and wave
renormalization in all region. We can avoid infrared divergences in the Euclid region.At
large N the function damps slowly with fixed c,where mass changing effect is small for all
range of |x|.For small N the function damps fast and the short distant part is dominant for
mass chaging effect.Short distance behaviour is determined by D.For long distance we may
treat finite µ and investigate the long distance behaviour of F.In that case the F contain
only ln(µ |x|) as large µ |x| and others damp faster as ln(µ |x|)/ |x| .This indicate that the
mass generation is a short distance effect.In the fourier tranformation
ρ(p) =
∫ ∞
0
sin(p |x|)
p |x| |x|
2 d |x| exp(−m |x|)
4π |x| exp(F ), (68)
first factor
sin(p |x|)
p |x|
is dominant at small |x| for both large and small p.
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V. IN MOMENTUM SPACE
A. spectraly weighted propagator
Now we turn to the fermion propagator.The momentum space propagator is given by
fourier transform
SF (p) =
∫
d3x exp(−ip · x)SF (x)
= −
∫
d3x exp(−ip · x)(iγ · ∂ +m)exp(−m |x|)
4π |x| exp(F (x)). (69)
where we have
F (x) = (c |x|)D−C|x|, D = c
Nπm
,C =
c
Nπ
. (70)
It is known that ∫
d3x exp(−ip · x)exp(−m |x|)
4π |x| (c |x|)
D
= cD
Γ(D + 1) sin((D + 1) arctan(
√
−p2/m)√
−p2(p2 +m2)(D+1)/2 (71)
=
1
p2 +m2
for D = 0,
=
2m
(p2 +m2)2
for D = 1. (72)
for Euclidean momentum p2 ≤ 0.In Minkowski momentum p2 ≥ m2 above formula is con-
tinued to
arctan h(z) =
1
2
ln(
1 + z
1− z ) = −i arctan(iz), (0 ≤ z
2 ≤ 1) (73)
arctan h(z) =
1
2
ln(
1 + z
z − 1)±
iπ
2
, (74)
arccoth(z) =
1
2
ln(
1 + z
z − 1), (1 ≤ z
2). (75)
From this definition
sinh(z) =
exp(z)− exp(−z)
2
= −i sin(iz),
sinh((D + 1) tanh−1(z)) =
−i
2
[(
1 + z
z − 1)
(D+1)/2 − (z − 1
1 + z
)(D+1)/2],
z =
√
p2/m. (76)
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The spectral function is a discontinuity in the upper half-plane of z
πρ(z) = −c
D
2
Im
Γ(D + 1)
m |z| (m2 −m2z2)(D+1)/2 [(
1 + z
1− z )
(D+1)/2 − (1− z
1 + z
)(D+1)/2]
= −c
DΓ(D + 1)
2mzmD+1
Im[(
1
1− z )
D+1θ(z − 1)− ( 1
1 + z
)D+1θ(−(z + 1)]. (77)
There is a problem to normalize the spectral function to δ(p2 − m2) in the weak coupling
limit[5].Here we do not evaluate the explicit spectral function.Principal part of the propa-
gator in Minkowski space is continued to
SF (p) =
(γ · p +m)cDΓ(D + 1) sinh((D + 1)arctanh(
√
p2/m)√
p2(m2 − p2)(D+1)/2 , (
∣∣∣√p2/m∣∣∣ ≤ 1) (78)
=
(γ · p +m)cDΓ(D + 1) sinh((D + 1)arccoth(
√
p2/m)√
p2(p2 −m2)(D+1)/2 , (
∣∣∣√p2/m∣∣∣ ≥ 1.
To use above formula for C 6= 0 case we use Laplace transform[7]
F (s) =
∫ ∞
0
d |x| exp(−(s−m) |x|) (µ |x|)−C|x| (s ≥ 0). (79)
This function shift the mass and we get the propagator
SF (p) = (γ · p+m)cDΓ(D + 1)
∫ ∞
0
F (s)ds
sin((D + 1) arctan(
√
−p2/(m− s))√
−p2(p2 + (m− s)2)(D+1)/2 . (80)
At D = 0 and 1 we see
SF (p) = (γ · p+m)
∫ ∞
0
F (s)ds
1
(p2 + (m− s)2) , (D = 0). (81)
SF (p) = (γ · p+m)c
∫ ∞
0
F (s)ds
2 |m− s|
(p2 + (m− s)2)2 , (D = 1). (82)
VI. RENORMALIZATION CONSTANT AND ORDER PARAMETER
Hereafter we consider the renormalization constant and bare mass in our model.It is easy
to evaluate the renormalization constant and bare mass by define the renormalization
ψ0 =
√
Z2ψr, ψ0 =
√
Z2ψr,
S0F = Z2SF ,
Z−12
γ · p−m0 = SF (p), (83)
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Z−12 =
∫
ρ1(s)ds = lim
p→∞
1
4p2
tr(γ · pSF (p))
= Γ(D + 1)cD lim
p→∞
∫ ∞
0
G(s)ds
√
p2 sin((D + 1) arctan(
√
p2/(m− s))
(p2 + (m− s)2)(1+D)/2
→ sin((D + 1)π
2
)cD lim
p→∞
1
pD
= 0. (84)
m0Z
−1
2 = m
∫
ρ2(s)ds = lim
p→∞
1
4
tr(p2SF (p))→ 0. (85)
There is no pole and it shows the confinement for D > 0.Order parameter
〈
ψψ
〉
is given as
the integral of the scalar part of the propagator in momentum space
〈
ψψ
〉
= −TrSF (x), (86)
〈
ψψ
〉
= −2
∫ ∞
0
p2d
√
p2
2π2
Γ(D + 1)cD
2
√
−p2
×
∫ ∞
0
dsF (s)
sin((D + 1) arctan(
√
p2/(m− s))√
((m− s)2 + p2)D+1 , (D = c/Nπm). (87)
For D = c/Nπm ≥ 1 vacuum expectation value is finite.This condition is independent of
the bare mass.We cannot apriori determine the value D,since m is a physical mass.m and
Σ(0) is not the same quantity but we assume they have the same order of maginitude.In
numerical analysis of Dyson-Schwinger equation Σ(0) damps fast with N and is seen to
vanish at N = 3.If we assume m = O(c/N) in the case of vanishing bare mass m0 = 0,D
becomes O(1).In our approximation if we set m equals to the second order value in the
Landau gauge,we get D ≃ 1.08 which is very close to1.For D = 1 we have a similar solution
of the propagator at short distance which is known by the analysis of D-S.In the analysis of
Gap equation,zero momentum mass Σ(0) and a small critical number of flavours have been
shown[1,2,3],in which same approximation was done because the vacuum polarization gov-
erns the photon propagator at low energy.The critical number of flavour Nc is a consequence
of the approximation for the infrared dynamics as in quenched QED4 where ultraviolet rigion
is non trivial and is not easy to find numerically.In the intermeadiate value of the coupling
we solved the coupled Dyson-Schwinger equation numerically and found that the Σ(0) which
is,O(e2/4π) at N = 1,the same order of magnitude as the quenched Landau gauge[15].
115
VII. COULOMB-ENERGY AND SELF-ENERGY
In this section we study the origin of confinement.First we see the difference between
short and long distance cases.The coefficent of ln(c |x|), c |x| ln(c |x|) in two cases of F.If we
expand the DF (x) in c |x| , 1/ c |x| ,for the latter case
DF (c |x|) ≃ 4c
2
Nπ2
1
c2x2
, (c |x| ≫ 1) (88)
we easily obtain
F =
8
Nπ2
ln(c |x|), (c |x| ≫ 1). (89)
F =
(d− 2)
N
ln(
µ
c
) +
γ
Nπm
+
c
Nπm
ln(c |x|)
− c
Nπ
|x| ln(c |x|)− c
2Nπ
|x| (d+ 3− 2γ)
, (c |x| ≪ 1). (90)
Here
D =
c
Nπm
, (c |x| ≪ 1),
=
8
Nπ2
, (c |x| ≫ 1), (91)
E =
1
Nπ
, (c |x| ≪ 1)
= 0, (c |x| ≫ 1). (92)
are both the coefficents of the Coulomb energy and self-energy which we will see below.Our
approximation to the spectral function T1T 1 is an four particle scattering amplitude with
one photon exchange.In the evaluation of F we see that D term comes from the vertex by
LSZ which has an infrared singularity
1
γ · (p+ k)−m+ iǫγµǫ
µ(k, λ)U(p, s)→ γ · (p+ k) +m
2p · k γµǫ
µ(k, λ). (93)
In this way the vertex is enhanced near the on-shell as 1/k in contrast with the usual on-shell
matrix element
U(p+ k)γµU(p)ǫ
µ(k) (94)
E term comes from 1/(p · k)2 and 1/(p · k).In qenched case it comes from 1/(p · k)2.Let us
imagine the imaginary part of the fermion propagator.When p2 ≥ m2 parent fermion can
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decay into fermion and photon,this process gives a Coulomb energy.Namely∫ ∞
m
ds
∫
d3y
exp(−s |y|)
4π |y|
exp(−s |x− y|)
4π |x− y| F (x− y)
=
∫
d3yρ(x− y)ρ(y)(D ln(c |x− y|)− Cc |x− y| ln(c |x− y|)). (95)
When p2 ≤ m2 parent cannot dacay,this one gives a fermion self-energy.
δ(3)(0)
exp(−m |x|)
4π |x| F ≃ V (
D ln(c |x|)
|x| − Cc |x| ln(c |x|)). (96)
Usually these are summed as leading infrared divergences.It may be clear if we consider the
potential energy for two charged particle with modified Coulomb interaction and seek the
corresponding terms in S0F .At short distance wth bare photon we have
VC(|x|) =
∫
d2k
(2π)2
exp(ik · x) 1
k2(p · k)
=
1
4π
∫ ∞
0
dαK0(x+ ap, µ) ∝ |x| ln(c |x|), (c |x| ≪ 1). (97)
At long distance with dressed photon we have
VC(|x|) =
∫
d2k
(2π)2
exp(ik · x) m
2
ck(p · k) ∝
1
c |x|(c |x| ≫ 1). (98)
In the same way we obtain the contribution from another term which is singular as 1/(p ·k)2
VS(|x|) =
∫
d2k
(2π)2
exp(ik · x) m
2
k2(p · k)2
=
1
4π
∫
αdαK0(x+ ap, µ) ∝ |x|2 ln(c |x|)(c |x| ≪ 1),
VS(|x|) =
∫
d2k
(2π)2
exp(ik · x) 1
ck(p · k)2 ∝ ln(c |x|)(c |x| ≫ 1), (99)
which is not familiar to us.However this term drives confinement at long distance as in
the queched case.In many cases we assume the absence of mass changing effects.Of course
the non-relativistic approximation is correct in that sense.But the m2/(p · k)2 has also an
infrared singular contribution to the self-energy.This one create the position dependent mass
as M(x) = c ln(c |x|).The coefficents D,E are gauge invariant provided the photon couples
to conserved currents.
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VIII. SUMMARY
We evaluate the fermion propagator in three dimensional QED with dressed photon by
method of spectral function.Non perturbative effects are included by resummation of the
infinite numbers of rainbow type diagrams with physical mass.In the evaluation of lowest
order matrix element for fermion spectral function we obtain finite mass shift,Coulomb en-
ergy and position dependent mass,which is silmilar to the analysis of D-S equation excepts
for the wave function renormalization.Including vacuum polarization we find the same struc-
ture.Above some coupling constant order parameter
〈
ψψ
〉
is finite,which is independent of
the symmetry which forbids finite bare mass.The arguments of confinement are given usually
for the force between charged paricle.In our approximation these force sets the renormaliza-
tion constant Z−12 = 0 for arbitrary coupling.If we assume the magnitude of m is generated
by the second order in e in the Landau gauge,our results is consistent with numerical analysis
of coupled Dyson-Schwinger equation [15].
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